In 1962 A. Bjerhammar introduced the method of analytical continuation in physical geodesy, implying that surface gravity anomalies are downward continued into the topographic masses down to an internal sphere (the Bjerhammar sphere). The method also includes analytical upward continuation of the potential to the surface of the Earth to obtain the quasigeoid. One can show that also the common remove-compute-restore technique for geoid determination includes an analytical continuation as long as the complete density distribution of the topography is not known. The analytical continuation implies that the downward continued gravity anomaly and/or potential are/is in error by the so-called topographic bias, which was postulated by a simple formula of L E Sjöberg in 2007. Here we will numerically test the postulated formula by comparing it with the bias obtained by analytical downward continuation of the external potential of a homogeneous ellipsoid to an inner sphere. The result shows that the postulated formula holds: At the equator of the ellipsoid, where the external potential is downward continued 21 km, the computed and postulated topographic biases agree to less than a millimetre (when the potential is scaled to the unit of metre).
Introduction
The topographic potential bias was de ned by Sjöberg (2007) as the di erence between the analytically downward continued harmonic potential V * and the true potential V i inside the topographic masses of the Earth, and he also came up with a simple formula for the bias.
As the potential V * is harmonic, it can only represent the correct potential outside the masses and consequently be 
Some representations of the potential of the ellipsoid
In the literature, there are numerous forms in representing the potential of an oblate homogeneous ellipsoid of revolution; e.g. Kellogg (1952, pp. 92-196) , MacMillan (158, . More recently, Wang (1988) and (1989) used spheroidal coordinates for the internal and external representations, respectively, while Miloh (1990) as well as Hvoždara and Kohut (2011) used ellipsoidal coordinates for solving both the internal and external problems.
Here we will start from the following representation of the potential in Cartesian coordinates with origin at the centre of the ellipsoid. The potential at any point with coordinates (x,y,z) with the x,y-plane in the equatorial plane of the ellipsoid and the z-axis along the rotational axis becomes (MacMillan 1958, pp. 62-63) 
where µ = gravitational constant times density of the ellipsoid, a and b are the radii of the semi-major and -minor axes of the ellipsoid, E = ae , where e = √ a − b /a is the rst eccentricity, p = x + y and κ is the solution of the equation
in the exterior of the ellipsoid and κ = in the interior case. By introducing geocentric polar coordinates (r, θ) = (radius, colatitude), one obtains with p = r sin θ and z = r cos θ (2) the general solution
where P (cos θ)= cos θ − / is the 2 nd degree Legendre's polynomial. In particular, the internal potential becomes
A convenient form for the external potential in the exterior of the bounding sphere was derived by MacMillan (1958, p. 363) :
where we have converted the mass of the ellipsoid (M) times the gravitational constant (G) by the formula
Note that MacMillan (ibid.) sets the solution space to the exterior of the bounding sphere of radius a.
More on the spherical harmonic representation
The external type harmonic series of Eq. (5) is convergent down to the radius of the linear eccentricity (ae), so it is possible and even likely that it represents the true potential all the way down to the surface of the ellipsoid and not only to the bounding sphere as stated above. Here we will start to investigate this hypothesis both theoretically and numerically.
. Theoretical study
We rst study Eq. (5) applied at the poles of the ellipsoid, i.e. the points furthest away from the bounding sphere.
Equation (5) yields
where e ′ = E/b = second eccentricity, and we have also inserted P n ( ) = .
From Eq. (4) we also determine the true potential as
As arcsin(e) = arctan(e ′ ) =
it follows after a few manipulations that
i.e. V e is valid at the pole.
Second, we may downward continue V e (r, θ) from the bounding sphere to the surface of the ellipsoid (at radius rs) by a Taylor expansion. As all derivatives exist at the radius a, and there are no masses between the sphere and the ellipsoid, the Taylor expansion must provide the true potential at the surface. Hence, we conclude that V e holds all the way down to the ellipsoid.
. Numerical study
To validate our ndings we also carried out a numerical study of the potential at the ellipsoidal surface with
where β is the reduced latitude. As the reduced latitude is related to the geocentric co-latitude by
it follows that the surface radius can be written
The surface potentials V i (rs , θ) and V e (rs , θ), given by Eqs. (4) and (5), are compared in Fig. 1 for a = 6378137 m, and ρ = kg/m . The gure shows the internal and external potentials on the ellipsoidal surface (Fig. 1a) and their di erences (Fig.1b) numerically determined by the above formulas. As Eq. (5) converges quickly, it was truncated at degree n = 20, and a higher degree of truncation shows no signi cant di erence. The di erence/error between the external and internal series varies laterally between ± × − m and × − in the absolute and relative senses, respectively. This difference is likely due errors in the numerical determination of the internal potential by Eq. (3) and/or (4). This numerical disagreement may be caused by the problem that the right hand-side of Eq. (4) 
We therefore revised Eq. (4) at the surface of the ellipsoid on the alternative form:
where
and
Here the rst term is of order πµab, while C(e) and D(e) are both of order −πµb / . Equation (15a-c) was also used numerically in a comparison with the external potential series of Eq. (5) as visualized in Fig. 2 . One can see that the relative di erences, shown in Fig. 2b , have decreased more than one order of magnitude vs. those given in Fig. 1b .
The topographic bias
The topographic potential bias was de ned by Sjöberg (2007) as the di erence between the analytically downward continued external/harmonic potential V e (r, θ) → V * (r, θ) and the true potential V i (r, θ) inside the masses, and he also postulated and veri ed in various articles that the bias is given by
where H = rs (θ) − r. Here we will consider the bias at the sphere of radius r = b. The bias postulated by Eq. (16) should be compared with the true bias given by Eqs. (5) and (4), i.e.:
However, in order to make the biases more transparent, we scale Eqs. (16) and (17) to unit of metre by dividing them by the normal gravity value 9.8 m/s .
In Fig. 3a we show the scaled internal and downward continued external potentials at the sphere of radius b. Their di erence is illustrated in Fig. 3b , being within 106 m and × − in the absolute and relative senses, respectively (with the maximum located at the equator at the depth of 21 km from the surface). This di erence is much larger than that on the surface of the ellipsoid, which can be explained by the additional contribution provided by the topographic bias in V * . As can be seen in Fig. 3c the di erence between the computed and postulated biases ranges to a maximum of about × − m and × − in absolute and relative senses at the equator, and we conclude that this di erence in topographic bias is not signi cant at the mm-level, in particular in view of the possible numerical problem we suspect in the application of Eqs. (3) and (4).
Concluding remarks
We use the known formulas for the external and internal potentials of a homogeneous ellipsoid to study the e ect of analytical continuation of the external potential down to the Bjerhammar sphere of radius b, the radius of semiminor axis of the ellipsoid, being located 21 km below the surrounding sphere. The topographic bias of the potential is given by the di erence V * − V , where V * and V are the analytically continued external potential and the true inner potential, respectively. As V * is computed by a truncated series of Legendre's polynomials and V uses an exact formula with arcsin of the eccentricity of the ellipsoid, it is reasonable to arrive at some numerical disagreements between the postulated and computed biases. However, the numerical result shows that this error is less than × − in the relative sense or less than one millimetre when the potential di erence is scaled by 9.8 m/s . Hence, the postulated formula for the topographic bias is con rmed for the homogeneous ellipsoid.
